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Abstract
We give the number and representatives of isomorphism classes of hyperelliptic curves of
genus g deﬁned over ﬁnite ﬁelds Fð2gþ1Þn ; g ¼ 1; 2; 3: These results have applications to
hyperelliptic curve cryptography.
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1. Introduction
Since elliptic curve cryptosystems were independently proposed in 1985 by
V. Miller [16] and by N. Koblitz [10], as a good source of public key cryptosystem
with a small key length, there has been much of research in this direction. The
advantages using elliptic curve cryptosystem were greater ﬂexibility in choosing the
group over a given ﬁeld, as well as the absence of subexponential time algorithms to
break the system if an elliptic curve is suitably chosen.
In 1989, Koblitz generalized the concept of elliptic curve cryptosystems to
hyperelliptic curves of higher genus [11]. Using the Jacobian of a hyperelliptic curve
deﬁned over a ﬁnite ﬁeld instead of a ﬁnite ﬁeld or an elliptic curve, we can further
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reduce a bandwidth while maintaining the same level of security. One can use a
hyperelliptic curve of genus 2 over a ﬁnite ﬁeld Fq; where qE280 or genus 3 over
Fq; qE253; and achieve the same level of security as when an elliptic curve group
EðFqÞ is used, where qE2160 or a group Fq is used with qE21024:
To select suitable hyperelliptic curves, we need some security requirements. Let H
be a hyperelliptic curve over the ﬁeld Fq of genus g such that the order of the
Jacobian JHðFqÞ is N ¼ c  c; where c is a large prime. First, c should be greater than
2160 to protect against Pollard-rho and baby-step/giant-step attacks. If q ¼ 2r; then r
should be a prime to prevent Weil descent attack on JHðFqÞ: To protect against the
Tate-pairing attack, the smallest sX1 such that qs  1 ðmod pÞ should be greater
than 20 [7]. Finally, genus g must be smaller than 5 to protect against the attack by
Gaudry [8]. So we consider the only elliptic or hyperelliptic curves of genus 2; 3 or 4:
It may be useful to classify isomorphism classes of elliptic and hyperelliptic curves
of genus 2 and 3 over ﬁnite ﬁelds, in order to know how many essentially different
choices of curves there are. This classiﬁcation is used to produce nonisomorphic
elliptic or hyperelliptic curves, which may be useful for a cryptographic purposes. In
[6] the number of isomorphism classes of hyperelliptic curves of genus 2 over Fq with
characteristic different from 2 and 5 were studied. Later the bound of number of
isomorphism classes of hyperelliptic curves of genus 2 over F2n was derived in [4] and
the exact number and the representatives of isomorphism classes are determined [3].
For the classes of hyperelliptic curves of genus 2 over F5n ; the exact number of
isomorphism classes was suggested in [5] (however, an error occurred, we made a
correction, and give representatives).
In this paper we count the number of isomorphism classes of pointed hyperelliptic
curves of genus g over a ﬁnite ﬁeld Fð2gþ1Þn with g ¼ 1; 2 and list all representatives of
isomorphism classes and the case when g ¼ 3 we give a bound of the number of
isomorphism classes with all representatives. These ﬁelds are getting more interest in
cryptographic purpose (see, for instance, [1,17]).
This paper is organized as follows: In Section 2 we give necessary deﬁnitions. In
Section 3 we give the number of isomorphism classes of elliptic curves over F3n and
list representatives. In Section 4 we list the representatives of hyperelliptic curves of
genus 2 over F5n : In Section 5 we give the number and representatives of
isomorphism classes of hyperelliptic curves of genus 3 over F7n : In Section 6 total
numbers of isomorphism classes of hyperelliptic curves of genus 1; 2; 3 are
summarized. The appendix contains proofs of theorems stated in the previous
sections.
2. Hyperelliptic curves
In this section, we recall the basic deﬁnitions and theorems given in [13].
A hyperelliptic curve over a ﬁeld F of genus g is a nonsingular projective curve C
over F of genus g for which there exists a map C-P1ðFÞ of degree two. When
g ¼ 1; C is an elliptic curve.
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In this paper, we consider a pointed hyperelliptic curve, which is deﬁned in the
following way: Let C be a hyperelliptic curve over F with F-rational Weierstrass
point P: Then the pair ðC; PÞ is called hyperelliptic over F: Thus, when g ¼ 1; ðC; PÞ
being hyperelliptic means that C is an elliptic curve with origin P:
We denote the set of all hyperelliptic curves ðC; PÞ over F of genus g by Hg: Next,
we introduce a usual notion of Weierstrass equation:
Deﬁnition 2.1. A Weierstrass equation E over F of genus g is
E=F : y2 þ hðxÞy ¼ f ðxÞ;
where h; fAF½x	; degðhÞpg; degð f Þ ¼ 2g þ 1; f is monic, and there are no singular
points; a singular point on Eðx; yÞ ¼ y2 þ hðxÞy 
 f ðxÞ is a solution ðx; yÞA %F %F
which satisﬁes Eðx; yÞ; Exðx; yÞ and Eyðx; yÞ: We denote the set of all Weierstrass
equations of genus g over F by Wg:
The following proposition corresponds a Weierstrass equation to hyperelliptic pair
ðC; PÞ:
Proposition 2.2. Let ðC; PÞ be hyperelliptic over F with genus g: Then there exist
nonconstant functions x; yAFðCÞ with xALð2PÞ; yALðð2g þ 1ÞPÞ; which satisfy a
Weierstrass equation of genus g over F: Here, LðDÞ denotes the vector space of global
sections of the line bundle associated to a divisor D: Moreover, such an equation is
unique up to a change of coordinates of the form
ðx; yÞ-ða2x þ b; a2gþ1y þ tÞ; ð2:1Þ
where a; bAF with aa0 and tAF½x	 with degðtÞpg:
Furthermore, a Weierstrass equation E arises from some ðC; PÞ if and only if E has
no singular points, and in this case the set of such E forms an equivalence class of
Weierstrass equations related by the transformations (2.1).
Proof. See [13]. &
Now, we can say that there is a 1–1 correspondence between isomorphism classes
of curves in Hg and equivalence classes of Weierstrass equations in Wg: Here,
E; %EAWg are said to be equivalent over F if the change of coordinates transforms
(2.1) equation E to equation %E: Thus, it is enough to count the number of
equivalence classes in Wg in order to count the number of isomorphism classes in Hg:
In the remainder we call EAWg a hyperelliptic curve and let isomorphism denote a
change of coordinates of the above type.
The following lemma will be needed for theorems in the later sections.
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Lemma 2.3. The trinomial
xp 
 x 
 a; aAFq; q ¼ pn
has a solution in Fq if and only if
TrðaÞ ¼ a þ ap þ ap2 þ?þ apn
1 ¼ 0:
Proof. See [12]. &
3. Isomorphism classes of elliptic curves over Fq; q ¼ 3n
In this section, we consider an elliptic curve only over Fq; q ¼ 3n: Isomor-
phism classes of elliptic curve over ﬁnite ﬁelds F2n or Fq; q ¼ pn; pa2; 3 were
determined (see [15]). Here, we give the number and all representatives of
isomorphism classes of elliptic curve over Fq; q ¼ 3n: First we recall general results
stated in [14].
Let E be an elliptic curve over a ﬁeld K : We can write E as the following
nonsingular Weierstrass form
y2 þ a1xy þ a3y ¼ x3 þ a2x2 þ a4x þ a6;
with a1; a2; a3; a4; a6AK :
Theorem 3.1. (1) Two elliptic curves E1=K and E2=K given by the equations
E1: y
2 þ a1xy þ a3y ¼ x3 þ a2x2 þ a4x þ a6;
E2: y
2 þ %a1xy þ %a3y ¼ x3 þ %a2x2 þ %a4x þ %a6
are isomorphic over K if and only if there exists an admissible change of variables
u; r; s; tAK ; ua0; such that the change of variables
ðx; yÞ-ðu2x þ r; u3y þ u2sx þ tÞ
transforms equation E1 to equation E2: The relationship of isomorphism is an
equivalence relation.
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(2) Two elliptic curves E1=K and E2=K are isomorphic over K if and only if there
exist u; r; s; tAK ; ua0; that satisfy the following equations:
u %a1 ¼ a1 þ 2s;
u2 %a2 ¼ a2 
 sa1 þ 3r 
 s2;
u3 %a3 ¼ a3 þ ra1 þ 2t;
u4 %a4 ¼ a4 
 sa3 þ 2ra2 
 ðt þ rsÞa1 þ 3r2 
 2st;
u6 %a6 ¼ a6 þ ra4 þ r2a2 þ r3 
 ta3 
 t2 
 rta1:
8>>>><
>>>:
Proof. See [14, p. 141]. &
Proposition 3.2. Let E=Fq; q ¼ 3n be a curve given by a Weierstrass equation. Then
there is an admissible change of variables such that E=Fq has a Weierstrass equation of
the indicated form
y2 ¼ x3 þ a2x2 þ a6; DðEÞ ¼ 
a32a6; jðEÞ ¼ 
a32=a6 if jðEÞa0;
y2 ¼ x3 þ a4x þ a6; DðEÞ ¼ 
a34 if jðEÞ ¼ 0;
(
where DðEÞ denotes the discriminant of E:
Proof. See [18]. &
It is well known that an elliptic curve E deﬁned over F3n is supersingular if and
only if j-invariant jðEÞ ¼ 0: So, we have the following classiﬁcation.
Theorem 3.3 (Nonsupersingular case). There are 2ðq 
 1Þ isomorphism classes of
nonsupersingular elliptic curves over Fq; q ¼ 3n:
Proof. Let E1; E2 be nonsupersingular elliptic curves deﬁned over F3n and given by
the equations
E1: y
2 ¼ x3 þ a2x2 þ a6 ða2a0; a6a0Þ;
E2: y
2 ¼ x3 þ %a2x2 þ %a6 ð %a2a0; %a6a0Þ:
Then the only admissible change of variables which transforms E1 into E2; from
Theorem 3.1, is
ðx; yÞ-ðu2x; u3yÞ; uAFq;
such that u2 %a2 ¼ a2 and u6 %a6 ¼ a6: When u2 ¼ 1; the above transformation gives the
automorphism. So there are ðq 
 1Þ2=ððq 
 1Þ=2Þ ¼ 2ðq 
 1Þ isomorphism classes of
nonsupersingular elliptic curves over Fq; q ¼ 3n: &
ARTICLE IN PRESS
Y. Choie, E. Jeong / Finite Fields and Their Applications 10 (2004) 583–614 587
Theorem 3.4 (Supersingular case). There are six isomorphism classes of supersingular
elliptic curves over F3n ; when n is even. There are four isomorphism classes of
supersingular elliptic curves, when n is odd.
Proof. Let E be a supersingular elliptic curve over F3n given by the following
equation:
E: y2 ¼ x3 þ a4x þ a6; a4a0:
The admissible change of variables in the equation E which transforms into itself is
ðx; yÞ-ðu2x þ r; u3yÞ;
where
u4 ¼ 1 and u6a6 ¼ a6 þ a4r þ r3:
Substitute u4 ¼ 1 into the second equation above, so we obtain
r3 þ a4r þ a6ð1
 u2Þ ¼ 0: ð3:1Þ
We split this into the following cases:
(a) If
ﬃﬃﬃﬃﬃﬃﬃﬃ
a4p eFq; then the map r/r3 þ a4r is bijective. Hence Eq. (3.1) has a unique
solution, say ru; and the automorphism group is
ðx; yÞ-ðu2x þ ru; u3yÞ:
(b) If
ﬃﬃﬃﬃﬃﬃﬃﬃ
a4p AFq; then there exists r0AFq such that r20 ¼ 
a4; and Eq. (3.1) has a
solution in Fq iff the equation
r3 
 r ¼ a6ðu2 
 1Þ=r30 ð3:2Þ
has a solution in Fq: If Trða6ðu2 
 1Þ=r30Þa0; then Eq. (3.2) has no solutions by
Lemma 2.3. If Trða6ðu2 
 1Þ=r30Þ ¼ 0; then Eq. (3.2) has three solutions: If %ru is
one of them, the other solutions are %ru71: Note that since u2 ¼71AF3; the
condition Trða6ðu2 
 1Þ=r30Þ ¼ 0 iff u2 Trða6=r30Þ 
 Trða6=r30Þ ¼ 0:
We further split this into two cases according to n is even or odd.
(I) When n is even, then the solutions of the equation u4 ¼ 1 in Fq are
f71;7 ﬃﬃﬃﬃﬃﬃ
1p g: If Trða6=r30Þ ¼ 0; then the automorphism group is
ðx; yÞ/ðu2x þ r; u3yÞ; u4 ¼ 1; rAfr0 %ru; r0ð%ru71Þg:
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If Trða6=r30Þa0; then the automorphism group is
ðx; yÞ/ðx þ r; uyÞ; u2 ¼ 1; rAf0;7r0g:
(II) When n is odd, the solutions of the equation u4 ¼ 1 in Fq are f71g: So, the
automorphism group is
ðx; yÞ/ðx þ r; uyÞ; u2 ¼ 1; rAf0; r0;
r0g:
In conclusion, if n is even, the number of supersingular elliptic curves is
qðq 
 1Þ=2
qðq 
 1Þ=4þ
qðq 
 1Þ=6
qðq 
 1Þ=12þ
qðq 
 1Þ=3
qðq 
 1Þ=6 ¼ 6
and if n is odd, the number of supersingular elliptic curves is
qðq 
 1Þ=2
qðq 
 1Þ=2þ
qðq 
 1Þ=2
qðq 
 1Þ=6 ¼ 4: &
The followings are all representatives of isomorphism classes of E over F3n :
Theorem 3.5 (Nonsupersingular). (1) All representatives of nonsupersingular elliptic
curves over F3n are
y2 ¼ x3 þ x2 þ a6;
y2 ¼ x3 þ ax2 þ a6;

where a6AF3n and a is a quadratic nonresidue in F

3n
(2) (Supersingular) All representatives of supersingular elliptic curves over F3n are
y2 ¼ x3 
 bx
y2 ¼ x3 
 b3x
y2 ¼ x3 
 x
y2 ¼ x3 
 gx
y2 ¼ x3 
 x þ d
y2 ¼ x3 
 gx þ d
8>>>><
>>>>>:
if n is even;
where
ﬃﬃﬃ
b
p
eF3n ;
ﬃﬃ
g
p
AF3n ;
ﬃﬃ
g4
p
eF3n and TrðdÞa0:
And
y2 ¼ x3 þ x
y2 ¼ x3 
 x
y2 ¼ x3 
 x þ l
y2 ¼ x3 
 x þ m
8>><
>>:
if n is odd;
where TrðlÞ ¼ 1; TrðmÞ ¼ 
1:
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4. Isomorphism classes of hyperelliptic curves of genus 2 over F5n
In [5], the number of isomorphism classes of hyperelliptic curves of genus 2
over F5n has been studied. But the ﬁnal formula of the number of singular
equations was not correct in [5]. In this section, the correct formula of the number
of equations is derived with a complete list of representatives of all isomorphism
classes.
Theorem 4.1. The number of isomorphism classes of hyperelliptic curves of genus 2
over Fq; q ¼ 5n is
2q3 þ 2q þ 4 if n is even;
2q3 þ 2q if n is odd:

Proof. This is immediate from the result given in [5] with the following corrections:
If we consider the sets
W21 ¼ fða4; a8; 0ÞAF35n : a4a0;D2 ¼ 0g;
W22 ¼ fða4; a8; a10ÞAF35n : a4a0; a10a0;D2 ¼ 0g;
where D2 ¼ 2a48a24 þ a44a38 þ 3a54a210 þ a58; then, we have
jW21j ¼ 2ðq 
 1Þ; jW22j ¼ ðq 
 1Þðq 
 2Þ:
Then theorem follows from the argument given in [5], so we omit the details. &
Theorem 4.2. All representatives of isomorphism classes of hyperelliptic curves of
genus 2 over F5n are
(1) y2 ¼ x5 þ aix4 þ a6x2 þ a8x þ a10; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq;
(2) y2 ¼ x5 þ b jx3 þ a8x; jAf1; 2; 3; 4g;
ﬃﬃﬃ
b4
p
eFq;
y2 ¼ x5 þ aix3 þ a8x þ a10; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq; a10a0;
(3) y2 ¼ x5 þ aix2 þ a10; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq;
a6; a8; a10AFq make that the equations are nonsingular.
(4) If n is even,
y2 ¼ x5 
 aix; iAf1; 2; 3; 5; 6; 7g; ﬃﬃﬃap eFq;
y2 ¼ x5 
 x;
y2 ¼ x5 
 bx; ﬃﬃﬃb4p AFq; ﬃﬃﬃb8p eFq;
y2 ¼ x5 
 x þ g; TrðgÞa0;
y2 ¼ x5 
 dx þ e; ﬃﬃﬃd4p ¼ d0AFq; ﬃﬃﬃd8p eFq; Trðe=d50Þa0:
8>>>><
>>>:
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If n is odd,
y2 ¼ x5 
 aix; iAf1; 2; 3g; ﬃﬃﬃap eFq;
y2 ¼ x5 
 x;
y2 ¼ x5 
 x þ g; TrðgÞ ¼71;
y2 ¼ x5 
 x þ e; TrðeÞ ¼72:
8>><
>>:
5. Isomorphism classes of hyperelliptic curves of genus 3 over F7n
In this section, we count the number of isomorphism classes of genus 3
hyperelliptic curves over Fq; q ¼ 7n; and list a representative of each isomorphism
class. Throughout this section, let q ¼ 7n:
Let H be a hyperelliptic curve of genus 3 deﬁned over Fq given by a Weierstrass
equation
H: y2 þ hðxÞy ¼ f ðxÞ; ð5:1Þ
where hðxÞ is a polynomial of degree p3; and f ðxÞ is a monic polynomial of
degree 7, i.e.,
hðxÞ ¼ a1x3 þ a3x2 þ a5x þ a7;
f ðxÞ ¼ x7 þ a2x6 þ a4x5 þ a6x4 þ a8x3 þ a10x2 þ a12x þ a14;
with aiAFq:
Eq. (5.1) deﬁning a hyperelliptic curve H of genus 3 is unique up to a change of
coordinates of the form
ðx; yÞ/ða2x þ b; a7y þ tðxÞÞ; ð5:2Þ
where aAFq and tðxÞAFq½x	 with deg tp3 by Proposition 2.2. Without loss of
generality, we may assume hðxÞ ¼ 0 by the change of coordinates of the form
ðx; yÞ/ðx; y þ 3hðxÞÞ:
Let H; %H be isomorphic curves of genus 3 deﬁned over Fq given by the following
equations:
H: y2 ¼ x7 þ a2x6 þ a4x5 þ a6x4 þ a8x3 þ a10x2 þ a12x þ a14;
%H: y2 ¼ x7 þ %a2x6 þ %a4x5 þ %a6x4 þ %a8x3 þ %a10x2 þ %a12x þ %a14:
The only admissible change of variables (5.2) transforming H into %H is
ðx; yÞ/ða2x þ b; a7yÞ; aAFq; bAFq: ð5:3Þ
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This gives the following relations:
a2 %a2 ¼ a2;
a4 %a4 ¼ a4 þ 6ba2;
a6 %a6 ¼ a6 þ 5ba4b2a2;
a8 %a8 ¼ a8 þ 4ba6 þ 3b2a4 þ 6b3a2;
a10 %a10 ¼ a10 þ 3ba8 þ 6b2a6 þ 3b3a4 þ b4a2;
a12 %a12 ¼ a12 þ 2ba10 þ 3b2a8 þ 4b3a6 þ 5b4a4 þ 6b5a2;
a14 %a14 ¼ a14 þ ba12 þ b2a10 þ b3a8 þ b4a6 þ b5a4 þ b6a2 þ b7:
8>>>>>><
>>>>>>:
ð5:4Þ
Theorem 5.1. Every hyperelliptic curve of genus 3 over Fq belongs to the exactly one of
the following equations and each isomorphism class of the curves should belong to the
same type:
(1) H1: y
2 ¼ x7 þ a2x6 þ a6x4 þ a8x3 þ a10x2 þ a12x þ a14; a2a0;
(2) H2: y
2 ¼ x7 þ a4x5 þ a8x3 þ a10x2 þ a12x þ a14; a4a0;
(3) H3: y
2 ¼ x7 þ a6x4 þ a10x2 þ a12x þ a14; a6a0;
(4) H4: y
2 ¼ x7 þ a8x3 þ a12x þ a14; a8a0;
(5) H5: y
2 ¼ x7 þ a10x2 þ a14; a10a0;
(6) H6: y
2 ¼ x7 þ a12x þ a14; a12a0:
Proof. Every hyperelliptic curve of genus 3 over Fq can be represented by the
following equation:
y2 ¼ x7 þ a2x6 þ a4x5 þ a6x4 þ a8x3 þ a10x2 þ a12x þ a14: ð5:5Þ
(1) If a2a0; by taking b ¼ a4=a2 in (5.4) we have %a4 ¼ 0: Hence Eq. (5.5) is
reduced to
H1: y
2 ¼ x7 þ %a2x6 þ %a6x4 þ %a8x3 þ %a10x2 þ %a12x þ %a14:
(2) If a2 ¼ 0 and a4a0; by taking b ¼ 4a6=a4 in (5.4) we have %a6 ¼ 0: Hence
Eq. (5.5) is reduced to
H2: y
2 ¼ x7 þ %a4x5 þ %a8x3 þ %a10x2 þ %a12x þ %a14:
(3) If a2 ¼ a4 ¼ 0 and a6a0; by taking b ¼ 5a8=a6 in (5.4) we have %a8 ¼ 0: Hence
Eq. (5.5) is reduced to
H3: y
2 ¼ x7 þ %a6x4 þ %a10x2 þ %a12x þ %a14:
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(4) If a2 ¼ a4 ¼ a6 ¼ 0 and a8a0; by taking b ¼ 2a10=a8 in (5.4) we have %a10 ¼ 0:
Hence Eq. (5.5) is reduced to
H4: y
2 ¼ x7 þ %a8x3 þ %a12x þ %a14:
(5) If a2 ¼ a4 ¼ a6 ¼ a8 ¼ 0 and a10a0; by taking b ¼ 3a12=a10 in (5.4) we have
%a12 ¼ 0: Hence Eq. (5.5) is reduced to
H5: y
2 ¼ x7 þ %a10x2 þ %a14:
(6) If a2 ¼ a4 ¼ a6 ¼ a8 ¼ a10 ¼ 0 and a12a0; then Eq. (5.5) is reduced to
H6: y
2 ¼ x7 þ %a12x þ %a14: &
5.1. Automorphism groups
In this section, we compute the automorphism group of each hyperelliptic curve of
genus 3 over Fq; q ¼ 7n: LetHj; j ¼ 1;y; 6; be the set of nonsingular equations of
form (1)–(6), respectively, in Theorem 5.1. We set H2 ¼H211,H212,H22;H3 ¼
H31,H32;H4 ¼H411,H412,H42 and H6 ¼H611,H612,H6211,H6212,
H6221,H6222 with
H211 ¼ fHAH2 j a10 ¼ a14 ¼ 0; n : eveng;
H212 ¼ fHAH2 j a10 ¼ a14 ¼ 0; n : oddg;
H22 ¼ fHAH2 j a10a0 or a14a0g;
H31 ¼ fHAH3 j a10 ¼ a14 ¼ 0g;
H32 ¼ fHAH3 j a10a0 or a14a0g;
H411 ¼ fHAH4 j a14 ¼ 0; n : eveng;
H412 ¼ fHAH4 j a14 ¼ 0; n : oddg;
H42 ¼ fHAH4 j a14a0g;
H611 ¼ fHAH6 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p eFq; n : eveng;
H612 ¼ fHAH6 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p eFq; n : oddg;
ARTICLE IN PRESS
Y. Choie, E. Jeong / Finite Fields and Their Applications 10 (2004) 583–614 593
H6211 ¼ fHAH6 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p AFq; Trða14=b70Þ ¼ 0; n : eveng;
H6212 ¼ fHAH6 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p AFq; Trða14=b70Þa0; n : eveng;
H6221 ¼ fHAH6 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p AFq; Trða14=b70Þ ¼ 0; n : oddg;
H6222 ¼ fHAH6 j ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p AFq; Trða14=b70Þa0; n : oddg;
where b0AF

q is an element such that b
6
0 ¼ 
a12:
We denote by Gi the group of changes of form (5.3) transforming Hi into itself.
By Theorem 5.1 and relation (5.4), we have
Gi ¼ fðx; yÞ/ða2x; a7yÞ j aAFqg; i ¼ 1;y; 5;
G6 ¼ fðx; yÞ/ða2x þ b; a7yÞ j aAFq; bAFqg:
Hence jGij ¼ q 
 1; i ¼ 1;y; 5 and jG6j ¼ qðq 
 1Þ:
Theorem 5.2. Let Ai be the group of automorphisms of an arbitrary curve in each of
the classes Hi; with iAf1; 211; 212; 22; 31; 32; 411; 412; 42; 5; 611; 612; 6211; 6212;
6221; 6222g: We have
jA1j ¼ 2;
jA211j ¼ 4; jA212j ¼ 2; jA22j ¼ 2;
jA31j ¼ 6; jA32j ¼ 2;
jA412j ¼ 4; jA412j ¼ 2; jA42j ¼ 2;
jA5j ¼ 2;
jA611j ¼ 12; jA612j ¼ 6; jA6211j ¼ 84; jA6212j ¼ 14; jA6221j ¼ 42; jA6222j ¼ 14:
Proof. By the change of variables (5.3) in the equation Hi; 1pip5 which transforms
to itself from Eqs. (5.4), we get b ¼ 0:
(1) For the equation H1; we get a2 ¼ 1: So the automorphism group for each curve
of type H1 is
ðx; yÞ/ðx; ayÞ; a2 ¼ 1:
(2) For the equation H2; if a10 ¼ a14 ¼ 0; then a4 ¼ 1: If a10a0 or a14a0; then
a4 ¼ 1 and a10 ¼ 1 or a14 ¼ 1; hence a2 ¼ 1: Therefore, the automorphism group
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for the curves of type H2 is
ðx; yÞ/ða2x; a3yÞ; a4 ¼ 1 if a10 ¼ a14 ¼ 0;
ðx; yÞ/ðx; ayÞ; a2 ¼ 1 otherwise:

(3) For the curves of type H3; if a10 ¼ a14 ¼ 0; then a6 ¼ 1: If a10a0 or a14a0; then
a6 ¼ 1 and a10 ¼ 1 or a14 ¼ 1; hence a2 = 1. Therefore, the automorphism
group for the curves of type H3 is
ðx; yÞ/ða2x; ayÞ; a6 ¼ 1 if a10 ¼ a14 ¼ 0;
ðx; yÞ/ðx; ayÞ; a2 ¼ 1 otherwise:

(4) For the curves of type H4; if a14 ¼ 0 then a12 cannot vanish since the curve is
assumed to be nonsingular. So, we have a8 ¼ a12 ¼ 1 and hence, a4 ¼ 1: If
a14a0; then a8 ¼ a14 ¼ 1; hence a2 ¼ 1: So, the automorphism group for the
curves of type H4 is
ðx; yÞ/ða2x; a3yÞ; a4 ¼ 1 if a14 ¼ 0;
ðx; yÞ/ðx; ayÞ; a2 ¼ 1 otherwise:

(5) For the curves of type H5; a14 cannot vanish since the curve is assumed to be
nonsingular. So, we have a10 ¼ a14 ¼ 1 and hence, a2 ¼ 1: So, the automorph-
ism group for the curves of type H5 is
ðx; yÞ/ðx; ayÞ; a2 ¼ 1:
(6) For the curves of type H6 we get
a12 ¼ 1;
a14a14 ¼ a14 þ ba12 þ b7:
From substituting a12 ¼ 1 into the second equation above, we obtain
b7 þ a12b ¼ a14ða2 
 1Þ: ð5:6Þ
In this case, we split it into the following cases:
(a) If
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p eFq; then the map x/x7 þ a12x is bijective. Hence Eq. (5.6) has a
unique solution, say ba; and the automorphism group is
ðx; yÞ/ða2x þ ba; a7yÞ; a12 ¼ 1:
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(b) If
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a126p AFq; then there exists b0AFq such that b60 ¼ 
a12; and Eq. (5.6) has a
solution in Fq iff the equation
b7 
 b ¼ a14ða2 
 1Þ=b70 ð5:7Þ
has a solution in Fq: If Trða14ða2 
 1Þ=b70Þa0; then Eq. (5.7) has no solutions by
Lemma 2.3. If Trða14ða2 
 1Þ=b70Þ ¼ 0; then Eq. (5.7) has seven solutions; If %ba is one
of them, the other solutions are %ba71; %ba72; %ba73: Note that since a2AF7 such that
a12 ¼ 1; the condition Trða14ða2 
 1Þ=b70Þ ¼ 0 iff a2 Trða14=b70Þ 
 Trða14=b70Þ ¼ 0: We
again split it into two cases:
(I) If n is even, then the solutions to the equation a12 ¼ 1 are f71;72;73;
7
ﬃﬃﬃ
3
p
;72
ﬃﬃﬃ
3
p
;73
ﬃﬃﬃ
3
p g: If Trða14=b70Þ ¼ 0; then the automorphism group is
ðx; yÞ/ða2x þ b; a7yÞ; a12 ¼ 1; bAfb0 %ba; b0ð %ba71Þ; b0ð %ba72Þ; b0ð %ba73Þg:
If Trða14=b70Þa0; then the automorphism group is
ðx; yÞ/ðx þ b; ayÞ; a2 ¼ 1; bAf0;b0 %b j %b6 ¼ 1g:
(II) If n is odd, the solutions to the equation a12 ¼ 1 are f71;72;73g: If
Trða14=b70Þ ¼ 0; then the automorphism group is
ðx; yÞ/ða2x þ b; ayÞ; a6 ¼ 1; bAfb0 %ba; b0ð %ba71Þ;b0ð %ba72Þ; b0ð %ba73Þg:
If Trða14=b70Þa0; then the automorphism group is
ðx; yÞ/ðx þ b; ayÞ; a2 ¼ 1; bAf0;b0 %b j %b6 ¼ 1g:
5.2. Number of singular equations
We compute the number of singular equations of each form (1)–(6) in Theorem
5.1. Let Vi; i ¼ 1;y; 6 be the set of the polynomials f ðxÞ such that the equation
y2 ¼ f ðxÞ of form (1)–(6), respectively, is singular. We set V2 ¼V21,V22;V3 ¼
V31,V32;V4 ¼V41,V42 with
V21 ¼f f ðxÞAV2 j a10 ¼ a14 ¼ 0g;
V22 ¼f f ðxÞAV2 j a10a0 or a14a0g;
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V31 ¼f f ðxÞAV3 j a10 ¼ a14 ¼ 0g;
V32 ¼f f ðxÞAV3 j a10a0 or a14a0g;
V41 ¼f f ðxÞAV4 j a14 ¼ 0g;
V42 ¼f f ðxÞAV4 j a14a0g:
Theorem 5.3. For the set of the singular equations Vi; iAf1; 21; 22; 31; 32; 41;
42; 5; 6g; we have
jV1j ¼ 12 qðq 
 1Þð2q3 
 1Þ;
jV21j ¼ 2ðq 
 1Þ2; 12 ðq 
 1Þð2q3 
 5q þ 4ÞpjV22jpðq 
 1Þðq3 
 q þ 1Þ;
jV31j ¼ 2ðq 
 1Þ; jV32j ¼ ðq 
 1Þ2ðq þ 1Þ;
jV41j ¼ 2ðq 
 1Þ; jV42j ¼ ðq 
 1Þðq 
 2Þ;
jV5j ¼ ðq 
 1Þ;
jV6j ¼ 0:
Proof. See the appendix in Section 7. &
Remark 5.4. We compute the exact number of singular equations except jV22j: To
compute jV22j; we need to count the number of irreducible polynomials such that
x3 þ ex2 þ Zx þ e3 þ eZ; where Za5e2; e; ZAFq; q ¼ 7n: At the moment, we just know
the number is less than ðq 
 1Þ2:
5.3. The number of isomorphism classes and representatives
Finally, we give total number and representatives of isomorphism classes of
hyperelliptic curves of genus 3 over F7n :
Theorem 5.5. The number of isomorphism classes of hyperelliptic curves of genus 3
over Fq; q ¼ 7n is
2q5 þ 2q2 þ q þ 4pNp2q5 þ 2q2 þ 4q þ 2 if n is even;
2q5 þ 3q 
 2pNp2q5 þ 6q 
 4 if n is odd:

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Proof. From the results of Theorems 5.1, 5.2 and 5.3, we have
jH1=G1j ¼ jH1jjG1=A1j ¼
qðq 
 1Þð2q4 
 2q3 þ 1Þ=2
ðq 
 1Þ=2 ¼ 2q
5 
 2q4 þ 1;
jH211=G2j ¼ jH211jjG2=A211j ¼
ðq 
 1Þðq2 
 2q þ 2Þ
ðq 
 1Þ=4 ¼ 4ðq
2 
 2q þ 2Þ;
jH212=G2j ¼ jH212jjG2=A212j ¼
ðq 
 1Þðq2 
 2q þ 2Þ
ðq 
 1Þ=2 ¼ 2ðq
2 
 2q þ 2Þ;
jH22=G2j ¼ jH22jjG2=A22j ¼
ðq 
 1Þðq4 
 q3 
 q2 þ k=2Þ
ðq 
 1Þ=2 ;
¼ 2q4 
 2q3 
 2q2 þ k; 2q 
 2pkp5q 
 4;
jH31=G3j ¼ jH31jjG3=A31j ¼
ðq 
 1Þðq 
 2Þ
ðq 
 1Þ=6 ¼ 6ðq 
 2Þ;
jH32=G3j ¼ jH32jjG3=A32j ¼
ðq 
 1Þ3ðq þ 1Þ
ðq 
 1Þ=2 ;¼ 2ðq 
 1Þ
2ðq þ 1Þ;
jH411=G4j ¼ jH411jjG4=A411j ¼
ðq 
 1Þðq 
 2Þ
ðq 
 1Þ=4 ¼ 4ðq 
 2Þ;
jH412=G4j ¼ jH412jjG4=A412j ¼
ðq 
 1Þðq 
 2Þ
ðq 
 1Þ=2 ¼ 2ðq 
 2Þ;
jH42=G4j ¼ jH42jjG4=A42j ¼
ðq 
 1Þðq2 
 2q þ 2Þ
ðq 
 1Þ=2 ¼ 2ðq
2 
 2q þ 2Þ;
jH5=G5j ¼ jH5jjG5=A5j ¼
ðq 
 1Þ2
ðq 
 1Þ=2 ¼ 2ðq 
 1Þ;
jH611=G6j ¼ jH611jjG6=A611j ¼
5qðq 
 1Þ=6
qðq 
 1Þ=12 ¼ 10;
jH612=G6j ¼ jH612jjG6=A612j ¼
5qðq 
 1Þ=6
qðq 
 1Þ=6 ¼ 5;
jH6211=G6j ¼ jH6211jjG6=A6211j ¼
qðq 
 1Þ=42
qðq 
 1Þ=84 ¼ 2;
jH6212=G6j ¼ jH6212jjG6=A6212j ¼
qðq 
 1Þ=7
qðq 
 1Þ=14 ¼ 2;
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jH6221=G6j ¼ jH6221jjG6=A6221j ¼
qðq 
 1Þ=42
qðq 
 1Þ=42 ¼ 1;
jH6222=G6j ¼ jH6222jjG6=A6222j ¼
qðq 
 1Þ=7
qðq 
 1Þ=14 ¼ 2:
Hence,
jH1=G1j ¼ 2q5 
 2q4 þ q;
2ðq4 
 q3 þ q2 
 3q þ 3ÞpjH2=G2jp2q4 
 2q3 þ 2q2 
 3q þ 4 if n is even;
2ðq4 
 q3 
 q þ 1ÞpjH2=G2jp2q4 
 2q3 þ q if n is odd;

jH3=G3j ¼ 2ðq3 
 q2 þ 2q 
 5Þ;
jH4=G4j ¼ 2ðq
2 
 2Þ if n is even;
2ðq2 
 qÞ if n is odd;

jH5=G5j ¼ 2ðq 
 1Þ;
jH6=G6j ¼
14 if n is even;
8 if n is odd:

Thus we get the results. &
Theorem 5.6 (Representatives). All representatives of isomorphism classes of
hyperelliptic curves of genus 3 over F7n are Hi; iAf1; 211; 212; 22; 31; 32; 411;
412; 5; 611; 612; 6211; 6212; 6221; 6222g:
(1) H1: y
2 ¼ x7 þ aix6 þ a6x4 þ a10x2 þ a12x þ a14; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq:
(2) If n is even,
H211: y
2 ¼ x7 þ b jx5 þ a8x3 þ a12x; jAf0; 1; 2; 3g;
ﬃﬃﬃ
b4
p
eFq;
H22: y
2 ¼ x7 þ aix5 þ a8x3 þ a10x2 þ a12x þ a14; iAf0; 1g;

ﬃﬃﬃ
a
p
eFq; a10a0 or a14a0:
If n is odd,
H212: y
2 ¼ x7 þ aix5 þ a8x3 þ a10x2 þ a12x þ a14; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq:
(3) H31: y
2 ¼ x7 þ gkx4 þ a12x; kAf0; 1; 2; 3; 4; 5g; ﬃﬃg6p eFq;
H32: y
2 ¼ x7 þ aix4 þ a10x2 þ a12x þ a14; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq; a10a0 or a14a0:
(4) If n is even,
H411: y
2 ¼ x7 þ b jx3 þ a12x; jAf0; 1; 2; 3g;
ﬃﬃﬃ
b4
p
eFq;
H42: y
2 ¼ x7 þ aix3 þ a12x þ a14; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq; a14a0:

If n is odd,
H412: y
2 ¼ x7 þ aix3 þ a12x þ a14; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq:
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(5) H5: y
2 ¼ x7 þ aix2 þ a14; iAf0; 1g;
ﬃﬃﬃ
a
p
eFq;
a6; a8; a10; a12; a14AFq make that the equations are nonsingular.
(6) If n is even,
H611: y
2 ¼ x7 þ aix; iAf1; 2; 3; 4; 5; 7; 8; 9; 10; 11g; ﬃﬃﬃﬃﬃﬃ
a3p eFq; ﬃﬃﬃﬃﬃﬃ
ap eFq;
H6211: y
2 ¼ x7 
 x;
H6211: y
2 ¼ x7 þ bx; ﬃﬃﬃb6p AFq; ﬃﬃﬃb12p eFq;
H6212: y
2 ¼ x7 
 x þ g; TrðgÞa0;
H6212: y
2 ¼ x7 þ dx þ e; Trðe=d70Þa0;
ﬃﬃﬃ
d12
p
eFq; d
6
0 ¼ 
d:
8>>><
>>:
If n is odd,
H612: y
2 ¼ x7 þ aix; iAf1; 2; 3; 4; 5g; ﬃﬃﬃﬃﬃﬃ
a4p eFq and ﬃﬃﬃa4p eFq;
H6221: y
2 ¼ x7 
 x;
H6222: y
2 ¼ x7 
 x þ g; TrðgÞ ¼ 1; 2 or 4;
H6222: y
2 ¼ x7 
 x þ e; TrðeÞ ¼ 3; 5 or 6:
8><
>>:
6. Conclusion
We give the number and representatives of isomorphism classes of hyper-
elliptic curves of genus g ¼ 1; 2; 3 over ﬁnite ﬁelds with characteristic 2g þ 1:
By adding the results given in [2,6,9,15] we summarize the number of iso-
morphism classes of hyperelliptic curves of genus g ¼ 1; 2; 3 over Fq; q ¼
ð2g þ 1Þn in the following table (Table 1): where rðqÞ; sðqÞ are the following tables
(Tables 2–3):
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Table 1
The number of isomorphism classes
Genus g p The number of isomorphism classes
g ¼ 1 p ¼ 2 2q þ 4 if n is even
2q þ 2 if n is odd

p ¼ 3 2q þ 4 if n is even
2q þ 2 if n is odd

p a2; 3 2q þ ð6; 2; 4; 0Þ for ðq  1; 5; 7; 11Þ ðmod 12Þ
g ¼ 2 p ¼ 2 2q3 þ q2 þ q þ ð6;
2Þ for ðq  0; qc0Þ ðmod 4Þ
p ¼ 5 2q3 þ 2q þ 4 if n is even
2q3 þ 2q if n is odd

p a2; 5 2q3 þ rðqÞ
g ¼ 3 p ¼ 7 2q5 þ 2q2 þ q þ 4pNp2q5 þ 2q2 þ 4q þ 2; if n is even
2q5 þ 3q 
 2pNp2q5 þ 6q 
 4; if n is odd

pa2; 7 2q5 þ sðqÞ
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Appendix
For the notations, see Section 5.
Theorem 5.3. For the set of the singular equations Vi; iAf1; 21; 22; 31; 32; 41; 42;
5; 6g; we have
jV1j ¼ 12 qðq 
 1Þð2q3 
 1Þ;
jV21j ¼ 2ðq 
 1Þ2; 12 ðq 
 1Þð2q3 
 5q þ 4ÞpjV22jpðq 
 1Þðq3 
 q þ 1Þ;
jV31j ¼ 2ðq 
 1Þ; jV32j ¼ ðq 
 1Þ2ðq þ 1Þ;
jV41j ¼ 2ðq 
 1Þ; jV42j ¼ ðq 
 1Þðq 
 2Þ;
jV5j ¼ ðq 
 1Þ;
jV6j ¼ 0:
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Table 3
jJHðFpn Þj ¼ 2q5 þ sðqÞ; g ¼ 3; pa2; 7
sðqÞ q  1 ðmod 12Þ q  5 ðmod 12Þ q  7 ðmod 12Þ q  11 ðmod 12Þ
q  1 ðmod 7Þ 2q2 þ 2q þ 14 2q2 
 2q þ 14 4q þ 8 12
qc1 ðmod 7Þ 2q2 þ 2q þ 2 2q2 
 2q þ 2 4q 
 4 0
Table 2
jJHðFpn Þj ¼ 2q3 þ rðqÞ; g ¼ 2; pa2; 5
rðqÞ q  1 ðmod 8Þ q  5 ðmod 8Þ qc1 ðmod 4Þ
q  1 ðmod 5Þ 2q þ 10 2q þ 6 8
qc1 ðmod 5Þ 2q þ 2 2q 
 2 0
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Proof. Let H be a Weierstrass equation given by the following:
H:y2 ¼ f ðxÞ; f ðxÞ ¼ x7 þ a2x6 þ a4x5 þ a6x4 þ a8x3 þ a10x2 þ a12x þ a14:
If H is singular, then f ðxÞ has a multiple root in %Fq and belongs to one of the
following sets:
A ¼f f ðxÞAFq½x	 j f ðxÞ ¼ ðx 
 aÞ2ðx5 þ b4x4 þ b3x3 þ b2x2 þ b1x þ b0Þ;
a; biAFq for 0pip4g;
B ¼f f ðxÞAFq½x	 j f ðxÞ ¼ ðx2 þ bx þ gÞ2ðx3 þ c2x2 þ c1x þ c0Þ; b; g; ciAFq;
for 0pip2; x2 þ bx þ g is irreducibleg;
C ¼f f ðxÞAFq½x	 j f ðxÞ ¼ ðx3 þ dx2 þ ex þ ZÞ2ðx þ dÞ; d; e; ZAFq;
x3 þ dx2 þ ex þ Z is irreducibleg:
We note that B-C ¼ C-A ¼ f:
(1) Let f ðxÞ ¼ x7 þ a2x6 þ a6x4 þ a8x3 þ a10x2 þ a12x þ a14AV1:
(I) Suppose f ðxÞAV1-A: Then
f ðxÞ ¼ ðx 
 aÞ2ðx5 þ b4x4 þ b3x3 þ b2x2 þ b1x þ b0Þ;
where
a12 ¼ a5a2 þ 3a3a6 þ 4a2a8 þ 5aa10;
a14 ¼ 6a7 þ 5a6a2 þ 3a4a6 þ 2a3a8 þ a2a10
and
b4 ¼ 2aþ a2;
b3 ¼ 3a2 þ 2aa2;
b2 ¼ 4a3 þ 3a2a2 þ a6;
b1 ¼ 5a4 þ 4a3a2 þ 2aa6 þ a8;
b0 ¼ 6a5 þ 5a4a2 þ 3a2a6 þ 2aa8 þ a10: ðA:1Þ
Deﬁne a map
j : Fq  Fq  Fq  Fq  Fq-V1;
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given by
jða; a2; a6; a8; a10Þ ¼ ðx 
 aÞ2ðx5 þ b4x4 þ b3x3 þ b2x2 þ b1x þ b0Þ;
with bi; 0pip4 in (A.1).
If jða; a2; a6; a8; a10Þ ¼ jð%a; %a2; %a6; %a8; %a10Þ with ða; a2; a6; a8; a10Það%a; %a2; %a6;
%a8; %a10Þ; then aa%a since a ¼ %a implies ai ¼ %ai; i ¼ 2; 6; 8; 10: Hence,
f ðxÞ ¼ ðx 
 aÞ2ðx 
 %aÞ2ðx3 þ %b2x2 þ %b1x þ %b0Þ;
where
%b2a2ðaþ %aÞ;
%b1 ¼ 2 %b2ðaþ %aÞ 
 ða2 þ 4a%aþ %a2Þ:
Here the polynomials f ðxÞ in Im j are parameterized by the (a; %a; %b2; %b0Þ such
that ða; %aÞ is nonordered, aa%a and %b2a2ðaþ %aÞ: If jða; a2; a6; a8; a10Þ ¼
jð%a; %a2; %a6; %a8; %a10Þ ¼ jð%%a; %%a2; %%a6; %%a8; %%a10Þ such that ða; a2; a6; a8; a10Þ; ð%a; %a2; %a6; %a8; %a10Þ;
ð%%a; %%a2; %%a6; %%a8; %%a10Þ are pairwise distinct, then a; %a; %%a are distinct also and the
polynomial f ðxÞ satisﬁes the following equation:
f ðxÞ ¼ ðx 
 aÞ2ðx 
 %aÞ2ðx 
 %%aÞ2ðx 
 bÞ;
where
aþ %aþ %%a ¼ 0 and ba0
or
aþ %aþ %%aa0; b ¼ ðaþ %aþ %%aÞ
2 þ 2ða%aþ %a%%aþ %%aaÞ
2ðaþ %aþ %%aÞ a2ðaþ %aþ %%aÞ:
Therefore, jIm jj ¼ q4ðq 
 1Þ 
 1
2
q2ðq 
 1Þ2 þ 1
6
ðq 
 1Þðq2 
 3q þ 2Þ:
(II) Suppose f ðxÞAV1-B: Then f ðxÞ ¼ ðx2 þ bx þ gÞ2ðx3 þ c2x2 þ c1x þ c0Þ;
where x2 þ bx þ g is irreducible and c2a
 2b and c1 ¼ 
ðb2 þ 2gþ 2bc2Þ Let S ¼
fðb; gÞAFq  Fq j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 
 4g
q
AFqg then ðb; gÞAðFq  FqÞ\S:
Deﬁne a map
c : ððFq  FqÞ\SÞ  Fq  Fq-V1;
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given by
cðb; g; c2; c0Þ ¼ ðx2 þ bx þ gÞ2ðx3 þ c2x2 þ c1x þ c0Þ;
where c2a
 2b and c1 ¼ 
ðb2 þ 2gþ 2bc2Þ:
Note that c is injective. The number of monic irreducible quadratic polynomials
over Fq is
1
2
ðq2 
 qÞ (see, [12, Theorem 3.25]). Hence jIm cj ¼ 1
2
q2ðq 
 1Þ2:
(III) Suppose f ðxÞAV1-C: Then f ðxÞ ¼ ðx3 þ dx2 þ ex þ ZÞ2ðx þ dÞ where x3 þ
dx2 þ ex þ Z is irreducible and da
 2d; d2 þ 2eþ 2dd ¼ 0:
If d ¼ 0; then e ¼ 0 and da0: So there are 2ðq 
 1Þ=3 many ZAFq such that x3 þ Z
is irreducible and 2ðq 
 1Þ2=3 many f ðxÞ such that d ¼ 0:
Suppose da0: Then d ¼ ðd2 þ 2eÞ=5d and ea5d2: Let gðxÞ ¼ x3 þ dx2 þ ex þ Z
and D be a set of gðxÞ such that gðxÞ is irreducible and da0; ea5d2: Then
D ¼ D0\ðD1,D2,D3Þ;
where
D0 ¼ fgðxÞ ¼ x3 þ dx2 þ ex þ ZAFq½x	 j gðxÞ is irreducibleg;
D1 ¼ fgðxÞAD0 j d ¼ e ¼ 0g;
D2 ¼ fgðxÞAD0 j d ¼ 0; ea0g;
D3 ¼ fgðxÞAD0 j da0; e ¼ 5d2g:
It is known that there are ðq3 
 qÞ=3 many monic irreducible cubic polynomials [12].
So jD0j ¼ ðq3 
 qÞ=3 and jD1j ¼ ðq 
 1Þ=3 as we seen above.
(III-1) Let gðxÞAD2; i.e., gðxÞ ¼ x3 þ ex þ Z with ea0: We can factorize gðxÞ in
%Fq½x	 as the following:
gðxÞ ¼ x þ e
y
þ 2y
	 

x2 þ 5y
 e
y
	 

x þ e
2
y2
þ 5eþ 4y2
 
;
where y ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Zþ 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3e2 þ Z2
p ﬃ
3:
pq
The polynomial gðxÞ is reducible in Fq½x	 iff yAFq; i.e., there exists uAFq such that
u3 ¼ 4Zþ 43e2 þ Z2: In this case, we get Z ¼ ðu6 þ e3Þ=u3:
Deﬁne a map
f : Fq  Fq-Fq  Fq;
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given by
fðe; uÞ ¼ ðe; ðu6 þ e3Þ=u3Þ:
jIm fj is equal to the number of reducible polynomial in Fq½x	 of the form x3 þ
ex þ Z with ea0: If fðe1; u1Þ ¼ fðe2; u2Þ with ðe1; u1Þaðe2; u2Þ; then e1 ¼ e2 and u2 ¼
2u1; 4u1; e=u1; 2e=u1 or 4e=u1:
If e is quadratic nonresidue or e ¼ w2 for some wAFq and ea0;7w;72w;74w;
then
fðe; u1Þ ¼ fðe; 2u1Þ ¼ fðe; 4u1Þ ¼ fðe; e=u1Þ ¼ fðe; 2e=u1Þ ¼ fðe; 4e=u1Þ
and the above second variables are distinct. And we observe
fðw2; wÞ ¼ fðw2; 2wÞ ¼ fðw2; 4wÞ;
fðw2;
wÞ ¼ fðw2;
2wÞ ¼ fðw2;
4wÞ:
Therefore, we get jIm fj as following:
q 
 1
2
 
ðq 
 1Þ=6þ q 
 1
2
 
ðq 
 7Þ=6þ 6 q 
 1
2
 
=3 ¼ ðq 
 1Þðq þ 2Þ=6:
So jD2j ¼ qðq 
 1Þ 
 ðq 
 1Þðq þ 2Þ=6 ¼ ðq 
 1Þð5q 
 2Þ=6:
(III-2) Let gðxÞAD3; i.e., gðxÞ ¼ x3 þ dx2 þ 5d2x þ Z with da0: We can factorize
gðxÞ in %Fq½x	 as
gðxÞ ¼ ðx þ 5dþ 2lÞðx2 þ ð3dþ 5lÞx þ 4d2 þ 4dlþ 4l2Þ;
with
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d3 þ Z3
q
: gðxÞ is reducible in Fq½x	 iff lAFq i.e., there exist sAFq such that
s3 ¼ d3 þ Z: In this case, we get Z ¼ s3 
 d3:
Deﬁne a map
r : Fq  Fq-Fq  Fq;
given by
rðd; sÞ ¼ ðd; s3 
 d3Þ:
If rðd1; s1Þ ¼ rðd2; s2Þ with ðd1; s1Þaðd2; s2Þ; then d1 ¼ d2 and s2 ¼ 2s1 or 4s1: We get
that jIm rj is
ðq 
 1Þððq 
 1Þ=3þ 1Þ ¼ ðq 
 1Þðq þ 2Þ=3:
So jD3j ¼ qðq 
 1Þ 
 ðq 
 1Þðq þ 2Þ=3 ¼ 2ðq 
 1Þ2=3 and jDj ¼ ðq3 
 qÞ=3
 ð2ðq 

1Þ=3þ ðq 
 1Þð5q 
 2Þ=6þ 2ðq 
 1Þ2=3Þ ¼ ðq 
 1Þð2q2 
 7q þ 2Þ=6:
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Therefore, we compute jV1-Cj as the following:
2ðq 
 1Þ2=3þ ðq 
 1Þð2q2 
 7q þ 2Þ=6 ¼ ðq 
 1Þð2q2 
 3q 
 2Þ=6:
(IV) Suppose f ðxÞAV1-ðA-BÞ: Then
f ðxÞ ¼ ðx 
 aÞ2ðx2 þ bx þ gÞ2ðx 
 bÞ;
where
aab;
b ¼ a
2 
 4abþ b2 þ 2g
2ðb
 aÞ :
If a ¼ b; then g ¼ b2 and in this case x2 þ bx þ g is reducible. The polynomials f ðxÞ
in V1-ðA-BÞ are parameterized by the ðb; g; aÞ such that ðb; gÞeS; aab; so
jV1-ðA-BÞj ¼ 12 qðq 
 1Þ2: Therefore,
jV1j ¼ jV1-Aj þ jV1-Bj þ jV1-Cj 
 jV1-ðA-BÞj
¼ 1
2
qðq 
 1Þð2q3 
 1Þ:
(2) Now, we will compute the number of jV21j and jV22j:
(I) Let f ðxÞAV21 ¼ f f ðxÞAV2 j a10 ¼ a14 ¼ 0g: Then we can write f ðxÞ ¼ x7 þ
a4x
5 þ a8x3 þ a12x with a4a0: H2 is singular if and only if f ðxÞ and f 0ðxÞ have a
common root with f 0ðxÞ ¼ 5a4x4 þ 3a8x2 þ a12:
If a12 ¼ 0 then f ðxÞ has a multiple root zero.
Suppose a12a0: Let a be a common root of f ðxÞ and f 0ðxÞ: Then aa0 since a12a0
and
f ðaÞ=a ¼ a6 þ a4a4 þ a8a2 þ a12 ¼ 0:
We get the following equation by subtracting f 0ðaÞ from the above equation and
dividing a2:
a4 þ 3a4a2 þ 5a8 ¼ 0: ðA:2Þ
Multiply the above equation by 5a4 and subtract f
0ðaÞ; then we have the following
equation:
ða24 
 3a8Þa2 þ ð4a4a8 
 a12Þ ¼ 0:
If a24 
 3a8 ¼ 0; then 4a4a8 
 a12 ¼ 0; namely,
a8 ¼ 5a24; a12 ¼ 4a4a8 ¼ 6a34:
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Suppose a12a0 and a8a5a24: Then
a2 ¼ 
 4a4a8 
 a12
a24 
 3a8
:
Substitute the above equation for a2 to Eq. (A.2), then we have
a212 þ ð4a4a8 þ 3a34Þa12 þ a24a28 þ 3a38 ¼ 0: ðA:3Þ
The discriminant of the above equation with respect to the variable a12 is
2ða24 
 3a8Þ3:
If
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24 
 3a8
q
eFq; then there are no solutions in Fq: If a24a
2
8 þ 3a38 ¼ 0; namely a8 ¼ 0
or a8 ¼ 2a24; then
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24 
 3a8
q
AFq and there exists only one solution excluding 0 with
respect to the variable a12: If a8a0; a8a2a24 and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a24 
 3a8
q
AFq; then Eq. (A.3) has
distinct two solutions. So there are ðq
1Þ
2

 2 many a8 such that Eq. (A.3) has nonzero
two solutions a12: Therefore, we have
jV21j ¼ qðq 
 1Þ þ ðq 
 1Þ þ ðq 
 1Þ 2þ q 
 1
2

 2
 
2
 
¼ 2ðq 
 1Þ2:
(II) Let H2: y
2 ¼ f ðxÞAV2; where
f ðxÞ ¼ x7 þ a4x5 þ a8x3 þ a10x2 þ a12x þ a14; a4a0:
We will compute jV2j similarly to case (1).
(II-1) Let f ðxÞAV2-A; then we can write
f ðxÞ ¼ ðx 
 aÞ2ðx5 þ 2ax4 þ ð3a2 þ a4Þx3 þ ð4a3 þ 2aa4Þx2
þ ð5a4 þ 3a2a4 þ a8Þx þ 4a3a4 þ 6a5 þ 2aa8 þ a10Þ: ðA:4Þ
Deﬁne a map
j : Fq  Fq  Fq  Fq-V2;
given by
jða; a4; a8; a10Þ ¼ ðx 
 aÞ2ðx5 þ 2ax4 þ ð3a2 þ a4Þx3 þ ð4a3 þ 2aa4Þx2
þ ð5a4 þ 3a2a4 þ a8Þx þ 4a3a4 þ 6a5 þ 2aa8 þ a10Þ:
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Suppose jða; a4; a8; a10Þ ¼ jð%a; %a4; %a8; %a10Þ; with ða; a4; a8; a10Það%a; %a4; %a8; %a10Þ: Then
aa%a and
f ðxÞ ¼ ðx 
 aÞ2ðx 
 %aÞ2ðx3 þ %b2x2 þ %b1x þ %b0Þ;
where
%b2 ¼ 2ðaþ %aÞ;
%b1a2 %b2ðaþ %aÞ 
 ða2 þ 4a%aþ %a2Þ;
%b0 ¼ 2 %b1ðaþ %aÞ 
 %b2ða2 þ 4a%aþ %a2Þ þ 2a%aðaþ %aÞ:
If jða; a4; a8; a10Þ ¼ jð%a; %a4; %a8; %a10Þ ¼ jð%%a; %%a4; %%a8; %%a10Þ such that ða; a4; a8; a10Þ;
ð%a; %a4; %a8; %a10Þ; ð%%a; %%a4; %%a8; %%a10Þ are pairwise distinct then a; %a; %%a are pairwise distinct
and f ðxÞ can be written by the following equation:
f ðxÞ ¼ ðx 
 aÞ2ðx 
 %aÞ2ðx 
 %%aÞ2ðx 
 bÞ;
where
b ¼ 2ðaþ %aþ %%aÞ;
a2 þ %a2 þ %%a2 ¼ a%aþ %a%%aþ %%aa;
ðaþ %aþ %%aÞða2 þ %a2 þ %%a2Þ þ 2a%a%%aa0:
The polynomial f ðxÞ is determined the nonordered pairwise distinct tuples ða; %a; %%aÞ
but we just know the number is less than 1
2
qðq 
 1Þ: So
1
2
qðq 
 1Þð2q2 
 q þ 1ÞpjV2-Ajp12 qðq 
 1Þð2q2 
 q þ 2Þ:
(II-2) Suppose f ðxÞAV2-B and f ðxÞ is deﬁned the following equation:
f ðxÞ ¼ ðx2 þ bx þ gÞ2ðx3 þ c2x2 þ c1x þ c0Þ;
with
c2 ¼ 
2b;
c1a
 ðb2 þ 2bc2 þ 2gÞ;
c0 ¼ 
ð2bc1 þ ðb2 þ 2gÞc2 þ 2bgÞ ðA:5Þ
and x2 þ bx þ g is irreducible.
Deﬁne a map
c : ððFq  FqÞ\SÞ  Fq-V2;
given by
cðb; g; c1Þ ¼ ðx2 þ bx þ gÞ2ðx3 þ c2x2 þ c1x þ c0Þ;
where the coefﬁcients c2; c1; c0 of x satisfy relations (A.5).
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Then jIm cj ¼ jV2-Bj ¼ 12 qðq 
 1Þ2:
(II-3) Suppose f ðxÞAV2-ðA-BÞ: Then
f ðxÞ ¼ ðx 
 aÞ2ðx2 þ bx þ gÞ2ðx 
 bÞ;
where
b ¼ 2ðb
 aÞ;
aa3b;
ba0;
g ¼ ab
2 
 2b3 þ 2a3 
 a2b
2b
or
b ¼ a ¼ b ¼ 0; ﬃﬃgp aFq:
Here b2 
 4g ¼ 3ðaþ 4bÞ2ðaþ 2bÞ=b: So ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3ðaþ 2bÞ=bp eFq: For each ba0; there
exist ðq 
 1Þ=2 many a such that ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3ðaþ 2bÞ=bp eFq: So we get jV2-ðA-BÞj ¼
1
2
ðq 
 1Þ2 þ 1
2
ðq 
 1Þ:
(II-4) Suppose f ðxÞAV2-C: Then f ðxÞ can be written by the following
equation:
f ðxÞ ¼ ðx3 þ bx2 þ ex þ ZÞ2ðx þ dÞ;
with
d ¼ 5d;
ea5d2;
Z ¼ d3 þ de
and x3 þ dx2 þ ex þ Z is irreducible.
So we need to the number of irreducible polynomial of the form x3 þ dx2 þ ex þ
d3 þ de with ea5d2: At the moment we just know the number is less than ðq 
 1Þ2:
Therefore,
1
2
qðq 
 1Þð2q2 
 1ÞpjV2jpðq 
 1Þðq3 þ q 
 1Þ
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and
1
2
ðq 
 1Þð2q3 
 5q þ 4ÞpjV22j ¼ jV2j 
 jV21jpðq 
 1Þðq3 
 q þ 1Þ:
(3) Next, we compute jV31j and jV32j:
Let f ðxÞAV3; where
f ðxÞ ¼ x7 þ a6x4 þ a10x2 þ a12x þ a14; a6a0:
(I) Suppose f ðxÞAV31; namely a10 ¼ a14 ¼ 0: Then the discriminant of
f ðxÞ is
D31 ¼ a66a412 þ 2a46a512 þ 6a26a612 þ 6a712 ¼ a412ða26 þ 3a12Þ3:
So if a12 ¼ 0 or a12 ¼ 2a26; then H3 is singular. Therefore,
jV31j ¼ 2ðq 
 1Þ:
(II) Suppose f ðxÞAV3 and we consider the following cases:
(II-1) If V3-A; then we can write
f ðxÞ ¼ ðx 
 aÞ2ðx5 þ 2ax4 þ 3a2x3 þ ð4a3 þ a6Þx2 þ ð5a4 þ 2aa6Þx
þ 6a5 þ 3a2a6 þ a10Þ: ðA:6Þ
Deﬁne a map
j : Fq  Fq  Fq-V3;
given by
jða; a6; a10Þ ¼ ðx 
 aÞ2ðx5 þ 2ax4 þ 3a2x3 þ ð4a3 þ a6Þx2
þ ð5a4 þ 2aa6Þx þ 6a5 þ 3a2a6 þ a10Þ:
Suppose jða; a6; a10Þ ¼ jð%a; %a6; %a10Þ; with ða; a6; a10Það%a; %a6; %a10Þ: Then aa%a and
f ðxÞ ¼ ðx 
 aÞ2ðx 
 %aÞ2ðx3 þ %b2x2 þ %b1x þ %b0Þ;
where
%b2 ¼ 2ðaþ %aÞ;
%b1 ¼ 2 %b2ðaþ %aÞ 
 ða2 þ 4a%aþ %a2Þ;
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%b0 ¼
%b1ða2 þ 4a%aþ %a2Þ 
 2 %b2a%aðaþ %aÞ þ a2 %a2
2ðaþ %aÞ :
Here aþ %aa0; otherwise a ¼ %a ¼ 0:
If jða; a6; a10Þ ¼ jð%a; %a6; %a10Þ ¼ jð%%a; %%a6; %%a10Þ with ða; a6; a10Þ; ð%a; %a6; %a10Þ; ð%%a; %%a6; %%a10Þ
are pairwise distinct then a; %a; %%a are pairwise distinct also and f ðxÞ satisﬁes the
following equation:
f ðxÞ ¼ ðx 
 aÞ2ðx 
 %aÞ2ðx 
 %%aÞ2ðx 
 bÞ;
where b ¼ 0 and ða; %a; %%aÞ ¼ ða; 2a; 4aÞ; aa0 nonordered tuple. Therefore
jV3-Aj ¼ q2ðq 
 1Þ 
 12 ðq 
 1Þ2 þ 13 ðq 
 1Þ:
(II-2) Suppose V3-B then f ðxÞ is deﬁned by the following equation:
f ðxÞ ¼ ðx2 þ bx þ gÞ2ðx3 þ b2x2 þ b1x þ b0Þ;
with
b2 ¼ 
2b;
b1 ¼ 
ðb2 þ 2bb2 þ 2gÞ;
ba0;
b0 ¼ 
 ðb
2 þ 2gÞb1 þ 2bgb2 þ g2
2b
ðA:7Þ
and x2 þ bx þ g is irreducible.
Deﬁne a map
c : ððFq  FqÞ\SÞ-V3;
given by
cðb; gÞ ¼ ðx2 þ bx þ gÞ2ðx3 þ b2x2 þ b1x þ b0Þ;
where the coefﬁcients b2; b1; b0 satisfy relations (A.7).
Then jIm cj ¼ jV3-Bj ¼ 12ðq 
 1Þ2:
(II-3) Suppose f ðxÞAV3-ðA-BÞ: Then
f ðxÞ ¼ ðx 
 aÞ2ðx2 þ bx þ gÞ2ðx 
 bÞ;
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where
b ¼ 2ðb
 aÞ;
g ¼ 5ða2 þ abþ b2Þ;
5a2bb þ a2b2 þ 2ab2b þ 2a2gþ 4agb þ 3abgþ 5bgb þ g2 ¼ 0:
Substitute the ﬁrst two equations for b; g into the last equation and factorize it. Then
ða
 bÞða
 3bÞ3 ¼ 0:
Hence a ¼ b or a ¼ 3b: But in both cases, x2 þ bx þ g is reducible. So
V3-ðA-BÞ ¼ f:
(II-4) Suppose V3-C and f ðxÞ is deﬁned the following equation:
f ðxÞ ¼ ðx3 þ dx2 þ ex þ ZÞ2ðx 
 dÞ;
with
d ¼ 2d;
e ¼ 5d2;
Za
 d3;
d4 þ dZ ¼ 0
and x3 þ dx2 þ ex þ Z is irreducible.
So d ¼ e ¼ d ¼ 0; Za0 and x3 þ Z is irreducible. Therefore, there are 2ðq 
 1Þ=3
many irreducible polynomials. So
jV3j ¼ ðq2ðq 
 1Þ 
 12 ðq 
 1Þ2 þ 13 ðq 
 1ÞÞ þ 12 ðq 
 1Þ2 þ 23 ðq 
 1Þ
¼ ðq 
 1Þðq2 þ 1Þ;
jV32j ¼ jV3j 
 jV31j ¼ ðq 
 1Þ2ðq þ 1Þ:
(4) Let H4: y
2 ¼ f ðxÞAV4; where
f ðxÞ ¼ x7 þ a8x3 þ a12x þ a14; a8a0:
Then the discriminant of f ðxÞ is
D4 ¼ 4a78a214 þ 5a68a312 þ a38a512 þ 6a712:
We split it into the following two cases:
(I) Suppose H4AV41; namely a14 ¼ 0: Then
D41 ¼ 
a312ða212 þ 3a38Þ:
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So, H4 is singular if and only if a12 ¼ 0 or a12 ¼ 2l3; a8 ¼ 2l2; for some lAFq:
We get
jV41j ¼ 2ðq 
 1Þ:
(II) Assume a14a0: Since D4 ¼ 0; we have
a14 ¼73a12ða
2
12 þ 3a38Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a8a12
p
a48
:
This equation has a nonzero root if and only if there exists lAFq such
that a12 ¼ l2=a8 and l4a4a58: Here l4 þ 3a58 ¼ 0 if there exists mAFq such that
a8 ¼ m4 and l ¼73m5: So,
jV42j ¼ ðq 
 1Þðq 
 2Þ:
(5) The discriminant of the polynomial x7 þ a10x2 þ a14; a10a0 is
D5 ¼ 2a710a14:
The curve of the form y2 ¼ x7 þ a10x2 þ a14; a10a0 is singular if and only if a14 ¼ 0:
So jV5j ¼ q 
 1:
(6) The curve y2 ¼ x7 þ a12x þ a14 is nonsingular for all a12AFq; a14AFq: &
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